We consider the evolution of particle segregation in collisional flows of two types of spheres down rigid bumpy inclines in the absence of sidewalls. We restrict our analysis to dense flows and use an extension of kinetic theory to predict the concentration of the mixture and the profiles of mixture velocity and granular temperature. A kinetic theory for a binary mixture of nearly elastic spheres that do not differ by much in their size or mass is employed to predict the evolution of the concentration fractions of the two types of spheres. We treat situations in which the flow of the mixture is steady and uniform, but the segregation evolves, either in space or in time. Comparisons of the predictions with the results of discrete numerical simulation and with physical experiments are, in general, good.
The evolution of segregation in binary mixtures 407 the evolution of segregation for spheres of the same size, but different masses, and indicate how particular combinations of radius and mass ratios result in an evolution towards a perfectly mixed state, whatever the initial condition of the mixture.
Balance equations
2.1. Segregation The difference of mass balances of the two particle species A and B can be expressed as
where u A , u B , v A and v B are the velocity components along the flow, the direction of increasing x, and across the flow, the direction of increasing y, of particles of species A and B respectively. The mass-averaged components, u and v, of the velocity are given by ⇢u = ⇢ A u A + ⇢ B u B and ⇢v 2a,b) where the total density, ⇢, is the sum of the densities of the two species, ⇢ = ⇢ A + ⇢ B . The componentsũ A = u A u andṽ A = v A v of the diffusion velocities provide a measure of the velocity of segregation. Upon employing them in (2.1), we obtain
Using ⇢ AũA + ⇢ BũB = 0 and ⇢ AṽA + ⇢ BṽB = 0, (2.3) becomes
where u A , u B , v A and v B are the velocity components along the flow, the direction of increasing x, and across the flow, the direction of increasing y, of particles of species A and B respectively. The mass-averaged components, u and v, of the velocity are given by ⇢u = ⇢ A u A + ⇢ B u B and ⇢v 2a,b) where the total density, ⇢, is the sum of the densities of the two species, ⇢ = ⇢ A + ⇢ B . The componentsũ A = u A u andṽ A = v A v of the diffusion velocities provide a measure of the velocity of segregation. Upon employing them in (2.1), we obtain In (2.4), the divergence of (u, v) can be obtained from the mass balance for the mixture, @u @x Then,
Using the components of the diffusion velocity
In (2.4), the divergence of (u, v) can be obtained from the mass balance for the Balance equations: segregation where the difference in the vector diffusion velocities is driven by gradients in the mixtures pressure, P, the kinetic energy of the velocity fluctuations, T, the gradient of the chemical potentials, µ A , and the number densities of the two species (Arnarson & Jenkins 2004) 
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M. Larcher and J. T. Jenkins The difference in the vector diffusion velocities is driven by gradients in the mixture pressure, P, the kinetic energy of the velocity fluctuations, or mixture granular temperature, T, and the number densities of the two species (Arnarson & Jenkins 2004) :
T rT . in which m ij = m i + m j and r ij = r i + r j , with i, j = A or B, are respectively the sums of the masses and radii and g ij are the radial distribution functions at collision for the components of the mixture: T , are given in appendix A, in the context of a theory for mixtures in which it is assumed that the radii and the masses of the two types of spheres do not differ by much. Arnarson & Jenkins (2004) and Larcher & Jenkins (2013) provide complete expressions for the chemical potential and the coefficient of thermal diffusion and derive the approximations. In the approximate theory, r ⌘ (r A /r B ) 1 and m ⌘ (m A m B )/m AB measure the differences in size and mass, and the quantity X ⌘ (n A n B )/(2n) measures the segregation.
As indicated in appendix A, the approximate form of the mass balance, (2.7), phrased in terms of these variables is in which m ij = m i + m j and r ij = r i + r j , with i, j = A or B, are respectively the sums of the masses and radii and g ij are the radial distribution functions at collision for the components of the mixture: (1 c)
with ⇠ 2 ⌘ 4p(n A r 2 A + n B r 2 B )/3 and K ij = 2pr 3 ij n i n j g ij /3. The mixture pressure is the sum of the partial pressures of the two particle species, p A and p B , given by (Arnarson & Jenkins 2004) p A = (n A + K AA + K AB ) T and p B = (n B + K BB + K AB ) T.
(2.11a,b)
These can be used to evaluate the first prefactor of the gradient of the granular temperature in (2.8),
where the radial distribution function at collision is (Mansoori et al. 1971): 408 M. Larcher and J. T. Jenkins The difference in the vector diffusion velocities is driven by gradients in the mixture pressure, P, the kinetic energy of the velocity fluctuations, or mixture granular temperature, T, and the number densities of the two species ( in which m ij = m i + m j and r ij = r i + r j , with i, j = A or B, are respectively the sums of the masses and radii and g ij are the radial distribution functions at collision for the components of the mixture: in which m ij = m i + m j and r ij = r i + r j , with i, j = A or B, are respectively the sums of the masses and radii and g ij are the radial distribution functions at collision for the components of the mixture: 9) in which m ij = m i + m j and r ij = r i + r j , with i, j = A or B, are respectively the sums of the masses and radii and g ij are the radial distribution functions at collision for the components of the mixture: 10) with ⇠ 2 ⌘ 4p(n A r 2 A + n B r 2 B )/3 and K ij = 2pr 3 ij n i n j g ij /3. The mixture pressure is the sum of the partial pressures of the two particle species, p A and p B , given by (Arnarson & Jenkins 2004) 
Approximate expressions for the mass densities, the gradient of the chemical These can be used to evaluate the first prefactor of the gradient of the granular temperature in (2.8),
Approximate expressions for the mass densities, the gradient of the chemical potential, µ A , and the coefficient of thermal diffusion, K (A) T , are given in appendix A, in the context of a theory for mixtures in which it is assumed that the radii and the masses of the two types of spheres do not differ by much. Arnarson & Jenkins (2004) and Larcher & Jenkins (2013) provide complete expressions for the chemical potential and the coefficient of thermal diffusion and derive the approximations. In the approximate theory, r ⌘ (r A /r B ) 1 and m ⌘ (m A m B )/m AB measure the differences in size and mass, and the quantity X ⌘ (n A n B )/(2n) measures the segregation.
As indicated in appendix A, the approximate form of the mass balance, (2.7), phrased in terms of these variables is 13) where:
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in which 
and
(2.18)
Here, the functions G and H are related to the radial distribution function of the mixture, regarded as a single species with mass m AB /2 and r AB /2 (Torquato 1995): 2.19) and 20) in which c M is the value of the mixture concentration at which these functions become singular (Mitarai & Nakanishi 2007) . The separation between the edges of the fictive spheres of the mixture is inversely proportional to G. The approximations in (2.16)-(2.18) apply at a value of 0.55 of the mixture volume fraction. Here, we take the value of the singularity, c M , to be 0.58. This provides the best fit to the simulations of Tripathi & Khakhar (2011) , which were carried out with particles that had the same inertial and contact properties as those employed by Silbert et al. (2001) , and which are often adopted by others. Results of the fit are shown in figure 2 of Larcher & Jenkins (2013) . Equation (2.14) indicates that inhomogeneity in the species' concentrations results from an imbalance between the gradient of the difference in the species' number fractions and a segregation flux that contains contributions from both the gradient of the mixture temperature and gravity. Each contribution to the segregation flux is linear in the differences in the size and mass of the two species, with coefficients that are functions of the mixture concentration.
Dense flows of the mixture
For the flow of the dense mixture, we employ an extension of the kinetic theory that incorporates an additional length scale in the rate of collisional dissipation that is associated with chains or clusters of a characteristic size in the flow. This length The evolution of segregation in binary mixtures 409
Here, the functions G and H are related to the radial distribution function of the mixture, regarded as a single species with mass m AB /2 and r AB /2 (Torquato 1995): 20) in which c M is the value of the mixture concentration at which these functions become singular (Mitarai & Nakanishi 2007) . The separation between the edges of the fictive spheres of the mixture is inversely proportional to G. The approximations in (2.16)-(2.18) apply at a value of 0.55 of the mixture volume fraction. Here, we take the value of the singularity, c M , to be 0.58. This provides the best fit to the simulations of Tripathi & Khakhar (2011) , which were carried out with particles that had the same inertial and contact properties as those employed by Silbert et al. (2001) , and which are often adopted by others. Results of the fit are shown in figure 2 of Larcher & Jenkins (2013) . Equation (2.14) indicates that inhomogeneity in the species' concentrations results from an imbalance between the gradient of the difference in the species' number fractions and a segregation flux that contains contributions from both the gradient of the mixture temperature and gravity. Each contribution to the segregation flux is linear in the differences in the size and mass of the two species, with coefficients that are functions of the mixture concentration.
For the flow of the dense mixture, we employ an extension of the kinetic theory that incorporates an additional length scale in the rate of collisional dissipation that is associated with chains or clusters of a characteristic size in the flow. This length scale is determined in a phenomenological balance between the orienting influence of the mean shear rate and the randomizing influence of the collisions. The balance of The evolution of segregation in binary mixtures 409 wherẽ
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Approximate expressions for the mass densities, the gradient of the chemic potential, µ A , and the coefficient of thermal diffusion, K (A)
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Here, the functions G and H are related to the radial distribution function of the mixture, regarded as a single species with mass m AB /2 and r AB /2 (Torquato 1995):
and 20) in which c M is the value of the mixture concentration at which these functions become singular (Mitarai & Nakanishi 2007) . The separation between the edges of the fictive spheres of the mixture is inversely proportional to G. The approximations in (2.16)-(2.18) apply at a value of 0.55 of the mixture volume fraction. Here, we take the value of the singularity, c M , to be 0.58. This provides the best fit to the simulations of Tripathi & Khakhar (2011) , which were carried out with particles that had the same inertial and contact properties as those employed by Silbert et al. (2001) , and which are often adopted by others. Results of the fit are shown in figure 2 of Larcher & Jenkins (2013) . Equation (2.14) indicates that inhomogeneity in the species' concentrations results from an imbalance between the gradient of the difference in the species' number fractions and a segregation flux that contains contributions from both the gradient of the mixture temperature and gravity. Each contribution to the segregation flux is linear in the differences in the size and mass of the two species, with coefficients that are functions of the mixture concentration.
For the flow of the dense mixture, we employ an extension of the kinetic theory that incorporates an additional length scale in the rate of collisional dissipation that is associated with chains or clusters of a characteristic size in the flow. This length scale is determined in a phenomenological balance between the orienting influence of the mean shear rate and the randomizing influence of the collisions. The balance of Balance equations: segregation 24 
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Here, the functions G and H are related to the radial distribution function of the mixture, regarded as a single species with mass m AB /2 and r AB /2 (Torquato 1995): • The inhomogeneity in the specie's concentration results from an imbalance between the gradient of the difference in the species' number fractions, X, and a segregation flux that contains contributions from both the gradient of the mixture temperature and gravity
• Each contribution to the segregation flux is linear in δr and δm. • Uniform concentration across the flow (Silbert et al. 2001; Tripathi & Khakhar 2011) Balance equations: mixture flow
The component of the mixture momentum balance across the flow gives 
The uniform mixture concentration is related to the angle of inclination of the flow and the particle parameters. This relationship is derived from the energy balance for the mixture, in which the rate of work of the mixture shear stress through the gradients of the mixture velocity is balanced by the rate of collisional dissipation. In this balance, the determination of the additional length is used in the rate of collisional dissipation. One result is an expression for G in terms of the angle of inclination, properties of the mixture and a coefficient of restitution e:
where ↵, a coefficient of order one in the relation that determines the additional length scale, is taken here to be 0.5, and J is a coefficient in the mixture shear stress, 
The uniform mixture concentration is related to the angle of inclination of the flow and the particle parameters. This relationship is derived from the energy balance for the mixture, in which the rate of work of the mixture shear stress through the gradients of the mixture velocity is balanced by the rate of collisional dissipation. In this balance, the determination of the additional length is used in the rate of collisional dissipation. One result is an expression for G in terms of the angle of inclination, properties of the mixture and a coefficient of restitution e: 22) where ↵, a coefficient of order one in the relation that determines the additional length scale, is taken here to be 0.5, and J is a coefficient in the mixture shear stress, 
where ↵, a coefficient of order one in the relation that determines the additional length scale, is taken here to be 0.5, and J is a coefficient in the mixture shear stress,
This form of J is appropriate for dense flows of a single species of very dissipative spheres and incorporates the dependence on the coefficient of restitution determined by Garzo & Dufty (1999) . We incorporate friction in the particle interactions through the introduction of an effective coefficient of restitution in the translational energy equation ( 
The uniform mixture concentration is related to the angle of inclination o flow and the particle parameters. This relationship is derived from the energy ba for the mixture, in which the rate of work of the mixture shear stress throug gradients of the mixture velocity is balanced by the rate of collisional dissip In this balance, the determination of the additional length is used in the ra collisional dissipation. One result is an expression for G in terms of the ang inclination, properties of the mixture and a coefficient of restitution e:
where ↵, a coefficient of order one in the relation that determines the additional l scale, is taken here to be 0.5, and J is a coefficient in the mixture shear stress
This form of J is appropriate for dense flows of a single species of very dissi spheres and incorporates the dependence on the coefficient of restitution determ by Garzo & Dufty (1999) . We incorporate friction in the particle interactions th the introduction of an effective coefficient of restitution in the translational e equation ( .
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Balance equations: mixture flow
The velocity of the mixture, u, follows from the balance of mixture momentum along the flow and the expression for the mixture shear stress:
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The velocity of the mixture, u, follows from the balance of mixture momentum along the flow and the relationship between the mixture shear stress and the mixture velocity gradient. When the latter is integrated, it provides 25) where the subscript 0 indicates a quantity evaluated at the base and u 0 is the slip velocity. In what follows, we adopt the approximation, u 0 = 0, since it does not affect significantly the prediction of granular segregation. Larcher & Jenkins (2013) provide the details of the determination of the slip velocity as a function of the bumpiness, the granular temperature, the angle of inclination and the effective coefficient of restitution. Finally, because by (2.13) and (2.14) derivatives of X with respect to y are proportional to small quantities, X may be replaced by its depth average,X, whenever it multiplies r or m, as in (2.21), (2.22) and (2.25).
Evolution in time and space

Uniform time-dependent segregation
In the case of uniform time-dependent segregation, with the y-axis normal to the flow and directed upward, (2.13) reduces to
Therefore,
in which D AB is given by (2.15). When (2.21) for T in the dense inclined flow is employed in this equation, it becomes
We note that because of the dependence of the mixture temperature on G and the approximations in (2.16) through (2.18), the terms in the segregation flux are all proportional to G. If lengths are normalized by the height h and time by (r AB /g) 1/2 , then, with z ⌘ y/h and ⌧ ⌘ t/(r AB /g) 1/2 ,
We approximate the slip velocity at the bottom u 0 = 0
Evolution in time
For uniform, time-dependent segregation the mass balance reduces to
Evolution in time and space
Uniform time-dependent segregation
We note that because of the dependence of the mixture temperature on G and the approximations in (2.16) through (2.18), the terms in the segregation flux are all
Evolution in time and space
Uniform time-dependent segregation
or, equivalently, using the expressions for the diffusion velocity, D AB and T:
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Evolution in time
In order to conserve the total number of particles of the two species, a new variable is introduced:
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M. Larcher and J. T. Jenkins The form of (3.4) ensures that if the vertical flux vanishes at z = 0 and z = 1, the integral of X through the depth of the flow is constant in time. However, given the definition of X in (A 5), this conservation is not compatible with the conservation of the total number of particles of the two species. This is because the depth average of a concentration fraction is not equal to the ratio of the depth averages of its numerator and denominator. A similar issue occurs in the context of the steady segregation problem (Xu, Louge & Reeves 2003; Larcher & Jenkins 2013) . Therefore, in order to conserve the total number of particles, there and here, a new variable, ⇣ ⌘ Xn/n, is introduced, where the overbar indicates an average through the flow depth. Then, 5) where N A and N B are the total numbers of particles of A and B respectively, and
The total number fraction f A = N A /N or, equivalently, the total volume fraction
of type A particles is known and conserved during the time evolution of the solution.
The variables ⇣ and X can be related through known quantities by
We employ the approximation in (3.8) to express (3.4) in terms of ⇣ :
Then, the integral of ⇣ through the depth of the flow is approximately constant in time and initial conditions that involve the number fractions or volume fractions can be specified for it.
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flow is approximately constant in fractions or volume fractions can and denominator. A similar issue occurs in the context of the steady segregation problem (Xu, Louge & Reeves 2003; Larcher & Jenkins 2013) . Therefore, in order to conserve the total number of particles, there and here, a new variable, ⇣ ⌘ Xn/n, is introduced, where the overbar indicates an average through the flow depth. Then, 5) where N A and N B are the total numbers of particles of A and B respectively, and N = N A + N B . The total number fraction f A = N A /N or, equivalently, the total volume fraction
or:
412
M. Larcher and J. T. Jenkins The form of (3.4) ensures that if the vertical flux vanishes at z = 0 and z = 1, the integral of X through the depth of the flow is constant in time. However, given the definition of X in (A 5), this conservation is not compatible with the conservation of the total number of particles of the two species. This is because the depth average of a concentration fraction is not equal to the ratio of the depth averages of its numerator and denominator. A similar issue occurs in the context of the steady segregation problem (Xu, Louge & Reeves 2003; Larcher & Jenkins 2013) . Therefore, in order to conserve the total number of particles, there and here, a new variable, ⇣ ⌘ Xn/n, is introduced, where the overbar indicates an average through the flow depth. Then, 5) where N A and N B are the total numbers of particles of A and B respectively, and N = N A + N B . The total number fraction f A = N A /N or, equivalently, the total volume fraction
Evolution in time
If lengths and time are normalized by:
velocity. In what follows, we adopt the approximation, u 0 = 0, since it does significantly the prediction of granular segregation. Larcher & Jenkins (2013 the details of the determination of the slip velocity as a function of the b the granular temperature, the angle of inclination and the effective coef restitution.
Finally, because by (2.13) and (2.14) derivatives of X with respect proportional to small quantities, X may be replaced by its depth average,X, it multiplies r or m, as in (2.21), (2.22) and (2.25).
3. Evolution in time and space 3.1. Uniform time-dependent segregation In the case of uniform time-dependent segregation, with the y-axis normal to and directed upward, (2.13) reduces to
in which D AB is given by (2.15). When (2.21) for T in the dense incline employed in this equation, it becomes
We note that because of the dependence of the mixture temperature on G approximations in (2.16) through (2.18), the terms in the segregation flu proportional to G. If lengths are normalized by the height h and time by ( then, with z ⌘ y/h and ⌧ ⌘ t/(r AB /g) 1/2 ,
then:
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Steady longitudinal segregation
Lengths associated with the evolution of segregation are significantly larger than the flow depth Therefore we assume that in the mass balance the streamwise derivatives are neglegible compared with the cross-stream derivatives
The evolution of segregation in binary mixtures 413 3.2. Steady longitudinal segregation Lengths associated with the evolution of segregation are, typically, significantly larger than the flow depth, so we assume that streamwise derivatives in the difference of the diffusion velocities are negligible compared with cross-stream derivatives. Then, for steady longitudinal segregation, X = X(y, x), with the x-axis along the flow and the y-axis normal to the flow and directed upward, (2.13) assumes the form
At lowest order in r and m, m AB 2 6⌫ pr
If lengths are normalized by the flow depth, h, then, with z ⌘ y/h and`⌘ x/h,
In analogy with the uniform time-dependent segregation problem described above, the approximation in (3.8) is employed to express (3.14) in terms of ⇣ :
(1 z)
At lowest order in δr and δm:
However, the use of the approximation between X and ⇣ of (3.8) in the correction for the differences in mass and radius in (2.22) is too crude for an accurate determination of the mixture volume fraction. Because Larcher & Jenkins (2013) show that the use of the exact relation between X in ⇣ in the correction results in little or no change from the single-species volume fraction, we use the uncorrected mixture volume fraction in what follows. Finally, we note that in steady longitudinal segregation, the quantities that are conserved are the fluxes of each species, i.e. R 1 0 c A u dz and R 1 0 c B u dz. As a consequence of the non-uniformity of the velocity across the flow, the depth-integrated concentration of each species may change with the longitudinal coordinate`, up to the point at which segregation ceases (e.g. figure 5b ).
The evolution of segregation in binary mixtures 413 3.2. Steady longitudinal segregation ted with the evolution of segregation are, typically, significantly larger epth, so we assume that streamwise derivatives in the difference of locities are negligible compared with cross-stream derivatives. Then, tudinal segregation, X = X(y, x), with the x-axis along the flow and al to the flow and directed upward, (2.13) assumes the form
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normalized by the flow depth, h, then, with z ⌘ y/h and`⌘ x/h, z)
ith the uniform time-dependent segregation problem described above, n in (3.8) is employed to express (3.14) in terms of ⇣ : The initial boundary sets the concentration profile (through ζ).
The two boundary conditions require the flux to vanish at the base, z = 0, and the top, z = 1. In figure 2 we show, for the same radius ratios, the time evolution of the relative concentration profiles, c A /c and c B /c, from an initial state, in which the two species are perfectly mixed, to a steady state, with only large particles in the top layers and a
COM of large and small spheres
The evolution of segregation in binary mixtures 415 In figure 2 we show, for the same radius ratios, the time evolution of the relative concentration profiles, c A /c and c B /c, from an initial state, in which the two species are perfectly mixed, to a steady state, with only large particles in the top layers and a In figure 2 we show, for the same radius ratios, the time evolution of the relative In figure 2 we show, for the same radius ratios, the time evolution of the relative concentration profiles, c A /c and c B /c, from an initial state, in which the two species In figure 2 we show, for the same radius ratios, the time evolution of the relative concentration profiles, c A /c and c B /c, from an initial state, in which the two species are perfectly mixed, to a steady state, with only large particles in the top layers and a d. Tests with different roughd we finally selected 1 mm use they allowed us to obtain der range of flow rates. of small beads ͑ranging from large beads ͑2 mm in diamaround this value͒. For both / m 3 . Small beads were transwere colored in black; this rast for our images. To avoid from particle-particle and grounded all metallic pieces er each run, the particles were w the flume outlet; then they opper duct to remove electric articles were also sieved and . Experiments were run under % humidity, 25°C temperaparticles ranged from 20 to of large particles were in the I͒. as placed in a separate resert. As sketched in Fig. 2 , the splitter plate, whose inclinates of both the large and small beads by two cylindrical hopnstraints that made the design fficult. First, the velocity propossible, which implied that lined at a shallow slope ͑i.e., Second, the velocity mismatch between small and large beads at their interface needed to be as low as possible. Third, the position and inclination of the splitter plate had to vary in order to adjust the respective inflow rate of large and small particles. After much trial and error, a deflecting plate was added in the lower reservoir to help the large particles to follow streamlines parallel to the base; the walls of the upper reservoir containing small particles were made rougher to reduce their velocity.
B. Image processing
In order to investigate how small and large particles segregate when flowing down the flume under steady flow conditions, small beads were injected from above while large particles crept along the flume base. The small particles rapidly percolated to the bottom, while the large ones drifted to the top of the flow. In this setting, the temporal vertical seg- clear dominance of small particles at the bottom, but some large particles, nonetheless, still present. et al. (2011) performed laboratory experiments on a chute with an inclination = 29 . They used a binary mixture of glass beads with a radius ratio of r A /r B = 2 and showed how the relative concentration of the two species evolved from a position x/L = 0.01 very close to the origin of the chute to the section at x/L = 1 where the asymptotic solution was reached. They observed that the evolution of segregation was greatly influenced by the inflow rates.
Wiederseiner et al. (2011) experiments
The results, presented in dimensionless form in figure 3 , show good agreement, even if a slightly longer distance was needed in order to reach the steady state. 
Experimental measurements
Experiments were performed using the apparatus shown in figure 7. A Plexiglas hopper contained randomly mixed spherical polystyrene beads having a specific gravity of 1.095. The binary mixture was made up of large beads ranging from 1.40 to 1.68 mm in diameter and small 0.85 to 1.0 mm beads, having mean particle diameters of 1.6 and 0.943 mm respectively, giving a diameter ratio of 0.589. The size distributions for the small and large particles are shown in figure 8. These were determined by measuring the diameters of samples of several hundred particles with a micrometer. The mean angle of repose for the 'monosized' beads is 25". No 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of the mixture velocity across the flow.
Good agreement between experimental measurement and theoretical predictions is obtained also for a flow depth of 10 mm, when all of the other parameters are kept constant. In this case, the fully developed segregation is obtained at a distance that is less than the half of that needed for the thicker flow of the previous case, as shown in figures 6 and 7.
In figures 8-11, we present similar comparisons, but for a channel with a steeper slope. In this case, we also observe a slower segregation for the thicker flow. Moreover, we observe that the segregation also becomes slower if the slope is 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of the mixture velocity across the flow.
In figures 8-11, we present similar comparisons, but for a channel with a steeper slope. In this case, we also observe a slower segregation for the thicker flow. Moreover, we observe that the segregation also becomes slower if the slope is increased, in good agreement with experimental data. The increased advection due 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of the mixture velocity across the flow.
In figures 8-11, we present similar comparisons, but for a channel with a steeper slope. In this case, we also observe a slower segregation for the thicker flow. Moreover, we observe that the segregation also becomes slower if the slope is increased, in good agreement with experimental data. The increased advection due to the larger slope appears to have a more significant influence on the segregation distance than the increase in particle agitation.
We obtain similar agreement with the results of the experiments of Savage & Lun (1988) when the relative volume of small particles is slightly increased, so V A /V B = 0.85. In this case, the observation that the segregation distance is shorter when the smaller species is more dilute is confirmed by the theory. 
Savage & Lun (1988) EXP.
online) Predicted evolution with distance of the relative concentration heres (dashed blue lines) and small spheres (solid red lines) at eight between the origin and the point at which the asymptotic solution is = 0, (b) x/h = 3, (c) x/h = 7, (d) x/h = 13, (e) x/h = 23, (f ) x/h = 37, /h = 63. The simulation parameters are = 28 , e = 0.7, r A /r B = 1.7, /V = 0.9 and h/r AB = 11. FIGURE 7. (Colour online) Predicted evolution with distance of (a) the COMs and (b) the depth-averaged relative concentrations of large spheres (dashed blue) and small spheres (solid red). The simulation parameters are the same as those in figure 6 . The experimental results of Savage & Lun (1988) for the large (blue stars) and small (red circles) spheres are given for comparison. 
online) Predicted evolution with distance of the relative concentration heres (dashed blue lines) and small spheres (solid red lines) at eight between the origin and the point at which the asymptotic solution is influence of the inflow rate. That is, for larger flow depths, which are equivalent to larger inflow rates, the segregation evolution predicted by the theory is slower, as observed.
The evolution of segregation in binary mixtures 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of 
online) Predicted evolution with distance of the relative concentration heres (dashed blue lines) and small spheres (solid red lines) at eight between the origin and the point at which the asymptotic solution is = 0, (b) x/h = 3, (c) x/h = 7, (d) x/h = 13, (e) x/h = 23, (f ) x/h = 37, /h = 63. The simulation parameters are = 28 , e = 0.7, r A /r B = 1.7, /V = 0.9 and h/r AB = 11. influence of the inflow rate. That is, for larger flow depths, which are equivalent to larger inflow rates, the segregation evolution predicted by the theory is slower, as observed. influence of the inflow rate. That is, for larger flow depths, which are equivalent to larger inflow rates, the segregation evolution predicted by the theory is slower, as observed. 15 mm. Considering the experimental technique adopted to measure the segregation, based on a limited number of splitter plates and bins, the agreement is good, both in terms of the shapes of the concentration profiles and in terms of the longitudinal distance needed in order to reach the fully developed state. In particular, in figure 5 we show the evolution of the positions of the COMs of the large and small spheres with longitudinal distance and that of the depth-averaged concentrations of the two species. As already mentioned, the change of the relative depth-averaged concentration of the two species in the longitudinal direction is a consequence of the variation of the mixture velocity across the flow.
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We obtain similar agreement with the results of the experiments of Savage & Lun (1988) when the relative volume of small particles is slightly increased, so V A /V B = 0.85. In this case, the observation that the segregation distance is shorter when the smaller species is more dilute is confirmed by the theory. FIGURE 11. (Colour online) Predicted evolution with distance of (a) the COMs and (b) the depth-averaged relative concentrations of large spheres (dashed blue) and small spheres (solid red). The simulation parameters are the same as those in figure 10 . The experimental results of Savage & Lun (1988) for the large (blue stars) and small (red circles) spheres are given for comparison.
Two additional examples
Equal sizes, different masses
Up to this point, we have only analysed problems of size segregation of spheres made of the same material; in this case, the larger particles tend to rise (figure 12). However, the theory is also suitable for predicting profiles of relative concentration for binary mixtures of particles made of different materials. In particular, in agreement with what is shown by others (Drahun & Bridgwater 1983; Alonso et al. 1991; Jain et al. 2005a,b; Larcher & Jenkins 2013) for spheres of the same size made of different materials, we predict that the heavier spheres stay down, while the lighter spheres stay up (figure 13).
No segregation
Given the structure of (3.10) and (3.15) and the analogy with the steady segregation problem (Larcher & Jenkins 2010 , 2013 , we expect that mixtures of particles with particular size and mass ratios will exhibit perfect mixing. In the steady case, in order to have no gradient of X normal to the bed and, therefore, no segregation, those terms in (4.3) that involve r and m must vanish. In figures 14 and 15, we show the evolution in time from an initial unmixed state to a final perfectly mixed state of the relative concentration profiles of a mixture of spheres for which this condition is valid, characterized by a radius ratio of r A /r B = 1.0375, also shown in figure 12 for spheres with the same material density, and a mass ratio of m A /m B = 2(r A /r B ) 3 . The same density ratio was also shown in figure 13 for particles of the same size. The asymptotic solution is independent of the initial condition, which does affect the time needed to reach it. Four decimal places are retained in the specification of the radius ratio because of the extreme sensitivity of the mixing to the ratio. As mentioned already for the steady theory (Larcher & Jenkins 2013), a necessary condition for no segregation is a uniform mixture concentration through the flow, a condition that is often observed, at least in first approximation, in dense gravity-driven granular flows with a free surface.
Equal size, different masses
Tunuguntla, Bokhove & Thornton (2014) have carried out discrete numerical simulations to test for situations in which there is no segregation. However, the angle of inclination and the collision parameters that they employ do not result in 
